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PSEUDC-RANDOM NUMBERS
by
Dr. John 3. Mguchly
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digits was prepsred for the Binac and z»ver
such digits wore g nerated. Theiy randompe

3
several ways, the resulis of whieh will be describ:s

The Binsc routinc grnerated = 0-dizit "random"

number by extrecting an interior group of six diglits from

the 12-d git product of two "rendom" numbers previously ob-
tained. The process initirsted by =2 group O1r ten ﬁ~ﬁiglt

nunmbers ar blt nriTJ symed. The 713 Uﬁcﬂuct was fovmed

by the Pir ard siwth =uch inpot nts, the exbracted
"random" “umbmr raplacisg the 1;¢t corafunt, The
instructions were then coch sugmented by one unit to multiply

the second by The sevenih c-\':.ﬂ.'lf“L nt and replace the sixth con=-
stant by the extracted "rendom" product. The process was con-

tinued cyclically for a3 many =g 21,50l "random® numbers.-

The right-hsnd two of the gix digits in the "random"
number were isolabed and emploVFd in 2 shtatistical study then
under way. In addition, the frequency of occcurrence of each
possible combinatior vo octel digits was tallied, X
computed for overy 3 sagainst a ra;dam~di”tr1buu+on
frequency, and the into class intervals of eight.
Further, row aznd column suxe of the Gli-digit squere array of
tallies were compilcd: "inglly, a gep test was run on ;-ck
digit value of the leitd . e octal valr, a vally being
made for esch diglt value and eaca gar size,

The ecgulvnle zencrabing such numbers
on UNIVAC is sk computation time per !
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Ths distoflubion »7 ¥~ 4Sallies (for octal class
intervals) obitainad from all runs corbinced is shown bolow!
2 % -
& O &5 aeppilkd of T odéa
3 ! 3 Loy | r B g : t ' o i I
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Jodch of (Xe/u)l/B is approximately
» beea subjeocted to a cube-root
corr2aponiing to the above table
Mugure I) with the appropriate

Ssinee th. dlsirib
normsal, the ranges akove he
transformatlrn anc tha Ad=te
plotted on the same chert (
normal curve.

As a mabter of curiosity, s test was made to sce
what effect a very small changce in the starting constants

would have in the resulting sequonec.  Table I 1lists the first
256 "random" numbers generat:d f rom the ten input constants
listed =t the head of the table. Table IT comparcs the first
32 such numbers with the corrcsponding set produccd from a
second group of input constants, identlicsl with the first group
except for an incrcase of ong unlu in the second constant. _
Identical numbers in the two =cts are underlined. Thosc number
not underliined have no rocoznizable resemblaence to each nthﬂr.

Table IIT 1ists the row and column sums of the octal-
-palr tallies made during six distinet runs of the routine,
using different input constants. The row sums are actually
freguency counts of the first diglit of the pair, and Ehe column
sums are similerly counts of the second digit. The X< for -

each run, for the tot:l of ail runs, and for the 2X2 are given
bﬁlow the tallles, tOgbbbG 7ith che probability thet the corrc
sponding X2 for random digits would cqunl or exceed the realize
values. It 1s obvious that the second digit is not sufficientl
random. This is probably because the dlgit in question came
from a position too far from the conter of the product. It is
likely that much better resulte would have been obtalined by
teking the oetal ncir from the ceanter of the 12-digit spen, as
avidenced by the nors satisfactory test results on the first
digit of the octal p=ir, whicl. was closer to the center of the
product.
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gap frequencies with which the observed gap frequencies were
matched were calculated from the relations

A - . 2 ! j
Datdi = (n-'l"'f'pi \1“'_3—?‘r'

where p.(j) is ths preuabil

ity of ccecurrence of a gap of
L

1ength”? in the digit 1 for w greup of n rendom digits,

] 7i & i
and p; is the probability o ceourience of the digit 1.

It should be evident from this study that 1t 1is
practicable o generate "randon” rnumbers os rcguired In the
problem, using tre rsiacd oublined or a rnodification
thereof, Such niumbers wmay ba ouickly mud chewply obtained,
and may be selected for the number of degrees of freedom
required by the problem. :

Any desired test of rendomness may be incorpor-
sted in the computer routines so that, in effect, the
numbers used =re subisct to "guality control". One of the
advm tages of such pseude random secuences is that one may
ropreduce such & ~coismee at any later btime in order to apply
further tests, or if =2 gaam:wce 1s known to pass all tests
deemed necessary, it may be used reveatedly in independent
problems.

The suthor is greatly indcbted to a number of othsr
persons insthc Application Depsartment of Eckert-Mauchly
Computer Corporation for aid in the coding and BIN4C opera-
tion.

The analysis of results was efficiently carried
out by Dr. Herbert F. Mitchell, dJr.



constantss

123456
345345

TABLE =

PSEUDO-RANDOM OCTAL DIGITS

111111
L56l56

222222
567567

765432
357357

SESEES
135135

As generated by Binac Routine A-510-2B, using following

LLo6S5L,
037275

MLokeE

155412
767512
130225
633353

lﬁ 3h3
71,6730
sli10
07470

221372
6L 71h1
164223
160312

223255
267000
125032

h31665

101261

g6é2ﬁ;
007

usllzo

620l 65
621%65
711133
767105

634062
u%6§15
227133
570472

20620l
015410
136146
365612

016060
330246
127726
2206l

005700
516321

542313
314712

22553
762755

Sty
oL4s71h
Tihécl
515201

617763
761502
105?31
130211

077512
343015
337211
033770

214113
251502
ol 7ol
130471

525006
354567
765730
550172

025175
56362
22210y
3liaqh

1106
g.l-glph.éé
2 2727

0252

2li632
%O%bﬂl
L,20l 35
7110[2

&76601
77641
Sl OE?
130347

10676
22562
012k35
1523512

115567l
721,015

053347
671722

05231
331032

6LAl
335623

i
7

717h18
777277

120&68
312234
36210
226513

255001

231&2

%1?75
222l

327772
o
ol

h3Z702
273300
702122

oL

136605
637656
651.02))
21777L
6l15253
et
030232
117250

ausaTy
72361%
5€65h5
232237

27002
32K667
563767
102065

355260
072317
216575
730755

617003
115573
137635
151637

0511061
o
15

566723

675120
7gguoo
014357
215772

22h2l1
106027
165471
626111

537066
232126
737210
766213

003571

"H?r-l’ 2
{LéQgh
152673

04,0060
10751
317405
167620

i3

531y
6L711h
533602

266501
317250
Shonls
2710185

002252
i
31,625),

566650
652171
307170
002lh3

306746
567331
gzaésu

57627

662251
23055
ugl6oo

2Ll 331
33201l
7hgsso
07602\

gﬁehéz
3753
656541
060657
1203
275151
073016
653301

7245041
77261l
326357
037771

2L 70
3211
177666
1131155

357k71
36LL72
116375
573113

621155
2&1111
32327
21,01l 6

204,022
b
475633

215100
011110
256265
1.7100%

537657
22000
721127
L27320

“332317

sL)i552
0011137

571760

sL5516
522160
237065
530000

25601
77665
70l

7361

112527
337577
310121
252130

0151
666632
25167

256503
00057
03173

355551
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ROW AND COLUMN

SUMS OF OCTAL.-PAIR TALLIES

Sabne T

Run Run Run Run Run Run Total
No. 1 No. 2 HNo. 3 No. i No. No. 6
Row Sums
First Digit O 2787 1810 1789 2734 112 1725 11968
1 2700 182 1830 2623 107 167 11716
2 2658 1761 1808 2657 1111 1480 1171%
3 270L 1818 1769 2718 1090 1676 11775
It 2500 1679 174 2671 1056 1651 11300
5 2768 1837 1826 2700 1107 1653 11891
6 269l 1769 1751 2699 1065 1650 11628
7 2693 1820 1780 . 2702 1078 1630 11703
Column Sum, "
Second Digit O 2736 1861 1915 2269 1146 176L 12121
1 2752 1789 17L8 2661 1036 1:7& 11560
2 2669 1792 1vhe 2727 116 Zgl 11817
3 2581 1692 1776 2637 1096 1 1105
ly 2760 1845 1783 2662 1156 1718 11924
5 2676 1776 1772 2569 10l1 1657  11l91
b 2697 1825 1788 2755 1085 1AL 11795
_ 7 2633 1756 1812 2724 998 . 1s5o  11h7h
Total, row :
or column 2150L . 14336 14336 21504 870k 13312 93,696
First Digit :
X 19.60 115 h.B2 3,29 3.62 3.h0 23,5
P 0.007 0O.13 0.68 0.8 0.82 0,82 0.002
Second Digit: : .
X* 9.87 11.25 11.53 11.89 22.43 24.21 L1.5
0.20 Oel3  9.12 0,11 © 0003 -0,001 0.Q000
Overall ZX2
XE P
First Diglt---Lif.);1  0,295)
Second Digit-—*gl.la O-OOOO
Both Digits-.137.50 ©.0CCR2



TABLE IV

GAP TESTS
) N, = 512 :

Digit The;r:

Gap 0 it 2 3 Iy 5 6 7 Freq,
0 10 1l 13 I 2 5 6 Iy 8.0
1 9 i 7 17 7 10 ;| Z'o
= 7 3 3 5 6 6 6 3 a
ﬁ 5 10 z 8 b 5 1 7 EeB
L g 5 8 ﬁ 7 3 .6
5 2 3 3 3 3 ﬁ Lol
6 0 9 2 g 5 2 7 3.5
7 2 2 1 3 5 2 2 1 s
8 > b 3 2 1 3 1 2 2.7
9 2 1 6 ) 2 E 2 3 2.4
10 3 3 2 5 0 3 0 ¢ 241

11 2 2 2 L 1 2 2 1 1.8s
12 2 2 2 0 0 0 3 0 146
13 2 2 0 1 1 1 1 1 1aly
i 0 1 2 0 1 2 ) 2 1.7
15 or over 8 6 8 8 10 8 13 9.3
Total 63 72 67 71 62 61 66 50 6lL.0

| 3X2 = 130,62813 3/ = 127; P = 0,39 -

ST ST AL No = L096

Digit Theor.
\ggﬁ“x 0 1 2 3 L 5 6 7 Fregq,

0 60 67 74 55 60 68 58 63 63.98
1 52 L1 k6 6l 67 71 57 W7 55.92
s BB BB obogoxog Bn
5 ! 4 :
i 3 a8 0 by ﬁl 3% aa .. =puliy
5 2 28 O .. - 37 2l 39 22 29 32.78
6 35 3L . 30 33 31 34 23 3 28.67
7 30 2& 25 28 25 2 20 30 25,08
8 1g-- 28 27 16 22 25 15 18 21.94
9 16 17 19 16 30 23 20 25 19,20
10 16 20 12 26 13 20 18 19 16.79
19 15 17 1l 16 16 15 15 15 1L.69
12 11 18 13 8 9 13 12 12,
1 10 13 1k T 15 8 13 15 11.2
li 9 8 13 11 9 i 9 13 9.83

15 or over 71 60 65 59 69 62 78 60 69.72
Total 502 512 508 529 508 548 L72 517 512,00

_2%P = 110,30hs 3 = 127; P = 0,807

v o s pea. e s
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Excerpts from UNIVAC INSTRUCTION CODE C-10

(An operation symbol, such as 4,E,Q, etc., is foliowed by a
memory location denoted here by "m". In use, m is a L-digit
number in the range from 0000 to 0999, Parentheses indicate
"contents of"; for example, the symbol (riA) means "contents of
register A", Approximate time is given in millisecondsz,.

Time Symbol Interpretation

0,6 Am Add (m) to (ra); rcsult in ra,

0.5 Bm Clear ri to zero. Put (m) in rA.

0.5 Cm Put (rA) in m., Clear ri to zero,

0.5 Em Extract from (m) the digits specifizd by (rF

Clear only those digits of (rA) which are
replaced by extracted digits. When a diglt
in (rF) 1s zero (or even) leave the corre-
sponding digit in (rA) unaltered, When a;
digit in (rF) is "1" (or odd) the corre-
sponding digit of (m) is inserted #n (ri),

0.5 Fm Put (m) in rP.

0.5 Hm Put {(riA) in m. Leave (raA) unalteredj i.e.,
do not clear ri to zero.

0.5 Lm Put (m) in rL.

2el Mm Multiply (m) and (rL), rounding off the pro-
duet to 11 digits; result in ra. 7

o.h Qm If (rA) = (rL), start instruction routine!

beginning at location m. If not, continue
norma! seguence of instruvctions.

0,!) Tm If (rA) > {rL), start instruction routine
beginning at locetion m. If not, continue
normal sequcence of instructions.

0.3 Um Unconditionsl change of instruction routine
to one beginning at location m.
0,3-0.6 Onm Shift all digits of (ri) except sign digit,

n digits to the left (equivalent to multi-
plying (ria) by 10%), Disregard m.

NOTE: Thers are &lso instructions for transferring from (ra)
to rL, (rX) to m, (rX) to rd, (rF) to mj; for dividing (ri) by
(rL); for multiplying -{(m) by (rL), for multiplying without
round-off to double precision; for transferring two words or
ten words at a time from one memory region to anotherj; for
shifting rizht or left, with or without the sign digit; for
rewinding, reading forward or backward, snd writing on magnetic
tapecs; for stopping; and for transferring to and from the memor
and the Supervisory Control Typewriter.
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Routine to Gensrate 2seudo-random Numbers ’ﬁ 7

Page
00 B x15 0 -2 n; [L (x200 M (x25)
C x02 -2 X082 -
x01 B x18 Y —.m; [0 (x24) B x02j
C =x05 -3 %05
x02 {L(x20+n) ( i Ién 2 L,
2 M(x25+n); s K
x03  O4 000 T P (xaB2s)
H x4 - x14
x4 L x3 zero —= rL
Q x13 1f KpKn+5 = O go to x13
x05 Io(x2i+m) 1f KpK £ 0: KK - K
. B 202)  L(x2BeR}’ M(xbsem)™S T P
x06 A x32 _ +#1  +1 s n¥l —» n
L x16 L (x24) M (x29)j ~= rlL; N == rL
x07 H x02 'L{x20+n) M(x25+n) —= x02
T xi1 if n > N go to xl}
x08 B x05 if n= N; TC(x20+4m) B x02]

A x33 5 +1ly mil —=>m &
x09 L x19 ‘¢ (x29) B x02! —==rL; M — 1L
T x12 if m~> M, go to xi2

x10 C x05 1f me M,
3 exit to routine using numbers

x11l B x5 ifn>N; O —= n
U x07 ‘L (x20) M (x25) —=. x02

xle B xl17 IfTm>M 0 —=nm &
U x10  ic(x20) B x02] —= x05

¥L3 B =% 1f KpKpe5=0, Ky—>- ¥ 3
T nXn+5=0, Kiq Xm

x14 400000 000000 temporary storage for K Kn.s

x15 L x20 M x25

x16 C x2b M x29

¥y © x20 B =02

x18 ¢ =x24 B x02

x19 € x29 B =x02

x20  through x30 K, through Kip 1n form +xxxxx xx0000
x31 400000 000000

x32 +00001 000001

x33 +00001 000000
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PROBARILIT

Nm DISTRIBUTION #OR TWO-DIGIT OCTAL PSEUDO-RANDOM NUMBERS

3 : m u..
Compared with the approximately normal distribution of Cmm.. /3
' * Im 2
where y = 6% and s = 0,0594 = Ta;mwl}\m
o
paira sach, Tor a total of 187, %92 octal digits,
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